In this paper, it is demonstrated that derived equivalence between smooth, projective varieties that are either surfaces or abelian implies equality of zeta functions.
Since their definition in the 1960's by Verdier and Grothendieck [14] to provide a foundation for homological algebra, derived categories have been regarded with progressively more interest. In particular, the bounded derived category D b (X) of coherent sheaves on a variety X has interest in its own right as an invariant, which is the subject of this paper.
Bondal and Orlov [2, Theorem 2.5] demonstrated that if there is an exact equivalence
between smooth varieties X and Y , and X is projective and has ample or anti-ample canonical bundle, then X is isomorphic to Y . However, if we remove the assumption on the canonical bundle, the result no longer holds in general: an abelian variety is always derived equivalent to its dual (via, for instance, the Fourier-Mukai transform with kernel the Poincaré bundle, as shown in Theorem 2.2 of Mukai's influential work [6] ), but not always isomorphic to it. However, an abelian variety and its dual are isogenous, and furthermore, a conjecture of Orlov ([12, Conjecture 1]) states that derived equivalent smooth projective varieties have isomorphic motives. This conjecture predicts that derived equivalent smooth projective varieties over finite fields should have equal zeta functions, and in this paper we show this prediction holds for derived equivalent varieties that are either surfaces or abelian.
We will prove in Section 2 that any abelian varieties over finite fields that are derived equivalent are also isogenous, or equivalently, by Tate [13, Theorem 1], have equal zeta functions (Theorem 2.2). We will show that derived equivalent surfaces have equal zeta functions (Theorem 4.1) via a generalization of the argument that Olsson and Lieblich used in [8] for K3 surfaces. We first develop some necessary background for this proof in Section 3, where we define, for any Weil cohomology, the even and odd Mukai-Hodge structures of an arbitrary smooth, projective variety X and show that these structures are invariant under Fourier-Mukai equivalence. Then we give the proof of Theorem 4.1 in Section 4.
Terminology and preliminaries
We denote the bounded derived category of coherent sheaves on a variety X by D b (X). Given two varieties X and Y defined over a field k, a derived equivalence between them is a k-linear exact equivalence 
between two smooth, projective varieties X and Y , there is an object P ∈ D b (X × Y ) unique up to isomorphism such that Φ P is naturally isomorphic to F (see Section 5.1 and specifically Corollary 5.17 in [4] ). Thus, in proving Theorem 4.1, we may immediately replace "derived equivalent" with "Fourier-Mukai equivalent".
Derived equivalent abelian varieties
We first prove a result that holds in arbitrary characteristic. By Poincaré's complete reducibility theorem, abelian varieties decompose uniquely, up to isogeny, into products of simple abelian varieties (see Corollary 1, page 174 of [7] ). Then, since any abelian variety is isogenous to its dual, A ×Â ∼ = B ×B implies that A is isogenous to B. 
Mukai-Hodge structures
Let H be an arbitrary Weil cohomology with coefficients in a characteristic 0 field K. A classic reference on Weil cohomologies is Kleiman's article [5] ; however, Kleiman's definition of a Weil cohomology does not include Tate twists, which we need to take into account. So, we define a Weil cohomology theory to be a Poincaré duality theory with supports, as defined in Bloch and Ogus [1] . We will denote the i th cohomology group of X twisted by n as H i (X)(n). In this paper, we take the even and odd Mukai-Hodge structures of a dimension d X smooth, projective variety X to be the pure-weight (weights 0 and 1, respectively) sums of cohomology groups given by:
Given varieties X and
on Chow groups where v(P ) := ch(P ). td(X × Y ) is the Mukai vector of P . Then we can take the cycle class of v(P ) inside any Weil cohomology theory of our choice to induce a map Ψ P = p 2 * (cl(v(P )) ∪ p * 1 (−)) on cohomology. More specifically, we define
for 0 ≤ i ≤ 2d X and 0 ≤ j ≤ 2d Y , where v j (P ) is the degree 2j part of v(P ). We denote the map Ψ i,j P induces on the i th cohomology twisted by l as Ψ i,j
are well defined. 
are the unique (up to isomorphism) objects such that Φ P ′ • Φ P ∼ = Φ O∆ and Φ P • Φ P ′ ∼ = Φ O∆ (Orlov [9, 11] ; see also [4, Theorem 5.14]).
Hence, in order to show that Ψ even P and Ψ odd P are isomorphisms, it suffices to prove the following two statements. and H odd (Y /K), respectively, they each act identically.
Remark 3.2. The choice of weight for the even and odd Mukai-Hodge structures was an arbitrary one. We could alter either structure by twisting it by the same amount in each dimension. The maps Ψ, also twisted by that same amount, would still induce isomorphisms on the even and odd Mukai-Hodge structures of Fourier-Mukai equivalent varieties. Recall that
Derived equivalent surfaces
In the case of the even Mukai-Hodge structure, then,
Hence, Tr(ϕ
The following lemma is sufficient to complete the proof of the theorem. Observe that until now, we have been working with an arbitrary Weil cohomology H. The lemma switches toétale cohomology since it uses Deligne's theory of weights in its proof. 
